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ALGEBRAIC MODELS OF LOCAL PERIOD MAPS AND YUKAWA 

COUPLING 

RUGGERO BANDIERA AND MARCO MANETTI 


Abstract. We describe some Loo model for the local period map of a compact Kahler manifold. 
Application includes the study of deformations with associated variation of Hodge structure 
constrained by certain closed strata of the Grassmannian of the de Rham cohomology. As a 
byproduct we obtain an interpretation in the framework of deformation theory of the Yukawa 
coupling. 


Introduction 

For a better understanding of the content of this paper it is preferable to begin with a heuristic 
and somewhat imprecise description. Let X be a compact Kahler manifold of dimension n; the 
Hodge filtration on the de Rham complex of X determines a filtration of graded vector spaces 

0 C F n H*(X,C) c F n ~ 1 H*(X, C) C ••• C F°H*{X, C) = H*(X, C) = ®iH l (X, C) 

and therefore a sequence of elements in the total Grassmannian Grass(R*(A, C)), i.e., in the 
(reducible) variety of all graded vector subspaces of the de Rham cohomology. We recall that 
Grass(R*(X, C)) is smooth and the Zariski tangent space at a point A* is 

T a - Grass (H*(X, C)) = R Horn (.A\ 
i=0 k 

Let X — > (U, 0) be a deformation of X , with U sufficiently small and contractible; then topo¬ 
logically X is the product U x X, in particular for every u £ U there exists a natural isomorphism 
F[*(X U: C) = F[*(X q,C), induced by the Gauss-Manin connection, and it is well known that the 
local ith period map 

V 1 : U —»• Grass(iI*(X,C)), P*(u) = F i H*(X u ,C), 

is holomorphic, cf. [35, Thin. 10.9]. Since Grassmannians admits natural stratifications, e.g. via 
Schubert varieties, it is natural to consider deformations whose period map is constrained into a 
certain closed strata. For instance, given X —> (U, 0) as above one can consider the determinantal 
loci 



( 0 . 1 ) 


,(u) 


u£U 


rank F i H p (X u , C) 


H p (X o,C) \ 
FiHP{X 0 ,C)J 



Using Griffiths’ description of the differential of the period map, it is straightforward to calculate 
the Zariski tangent space of E i,j, P , q (U ) in terms of the Kodaira-Spencer map TqU —> H 1 (X, 0jc); 
transversality implies in particular that TbEjj iPj q(C/) = TqU for every i > j. On the other side, 
if j < i < p < n + j it is natural to expect E^yp^U) a closed analytic proper subset of U, 
provided q sufficiently small and X — > (U , 0) sufficiently general. In conclusion, the determinantal 
loci E i,j, P ,q{U) are generally singular and a study of them requires a deep understanding of higher 
derivatives of the local period maps. 
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In this paper, we restrict our attention to the subsets 

Yu — ^n,l,n,o(b^) — 

although we think that ideas and methods developed here can be applied in a more or less straight¬ 
forward way to more general situations. This choice is also motivated to a better understanding of 
the Yukawa coupling, see e.g. [18, p. 36], [5, p. 132], from the point of view of deformation theory. 

It is now a matter of fact that higher derivatives of holomorphic maps have lots on common 
with Massey product structures: this is not surprising since the latter may be thought as higher 
derivatives of Kuranishi maps. The quoting of Schlessinger and Stasheff [30] “Massey product 
structures can be very helpful, though they are in general described in a form that is unsatisfactory” 
is valid also in relation to higher derivatives. It is nowadays well understood that Massey product 
structures should be replaced by DG-Lie algebras and Loo-algebras, following the general principles 
exposed by Deligne and Drinfeld in their famous letters [8, 12]; in the same circle of ideas, every 
morphism of deformation theories is induced by a morphism in the homotopy category of DG-Lie 
algebras, which admits a representative as an L^ morphism, unique up to homotopy equivalence. 

In our situation, an L^ representative for the local universal period map has been described 
in [15], where universal means that we consider the variation of the Hodge over the semiuniversal 
deformation X —> B of X. Using this description it is not difficult to write down a set equations 
for Yb and prove that, at least when B is smooth, its tangent cone is defined by homogeneous 
polynomials of degree > n, and the ones of degree n are precisely those in the Yukawa linear 
system. 

However the situation is not yet satisfactory since the above approach does not give any defor¬ 
mation theoretic interpretation of Yb ; in other words it is not clear under what extent Yb is the 
local moduli space for some deformation problem. The natural starting point is that Yb fits into 
a pull-back diagram 

(0.2) Y b -»- Grass (F 1 H*(X, C)) 

B Vn > Grass(g*(Y,C)) 

and the attempt to replicate this picture in the category of L^ algebras it is not easy at it seems at 
a first sight, since the L^ morphism representing V n is defined up to homotopy and fiber products 
of Loo-morphisms are not defined in general. The most natural solution to both problems is 
to consider homotopy fiber products. This is possible since DG-Lie algebras and Loo-algebras are 
pointed categories of fibrant objects, although the usual procedure for the construction of homotopy 
fiber products gives models which are in general very far from being minimal and therefore with 
Maurer-Cartan equation of difficult geometric interpretation. 

The main and probably most difficult part of this paper is devoted to the construction of some 
small, and in some cases minimal, models for the homotopy pull-back relative to the Loo version 
of the above diagram (0.2). 

It is well known that deformations of X are controlled by the Kodaira-Spencer DG-Lie algebra 
KSx , defined as the Dolbeault’s resolution of the holomorphic tangent sheaf, equipped with the 
natural bracket and the opposite of the Dolbeault’s differential. Let’s fix a Kahler metric on X 
and denote by H^ q the space of harmonic (j>, g)-forms. If 

U = ® q H n ' q , V = ® p<n © 9 iL 5 ’ 9 , W = ©0 <p<n ® g H p ’ 9 , 

then the graded vector spaces Hom*(E7, V)[—1] and Hom*((7, W)[— 1], considered as DG-Lie al¬ 
gebras with trivial bracket and trivial differential, control the Grassmann functors of embedded 
deformations of F n H*(X, C) inside H*(X,C) and F 1 H*(X, C) respectively. The first main, and 
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computationally the hardest, result of this paper is the complete description of an L^ morphism 


V n : KS X Horn* (17, V)[—1] 

representing the nth period map (Theorem 7.8); unfortunately such a description involves Green’s 
operators in its Taylor coefficients of order >2. At this point we can consider the homotopy 
pull-back diagram 

Yu a- -Horn* (17, W)[- 1] 

/ 

KS X Horn* (17, V)[-l] 


keeping in mind that Yua is defined up to isomorphism in the homotopy category and then its 
Loo model is determined only up to quasi-isomorphism. For simplicity of notation we shall refer 
to Yua as the Yukawa algebra of X. 

Our second main result is the description of an model for the Yukawa algebra in which 
the underlying complex is KSx x Horn*(17, V/W){— 2] and / is the projection on the first factor 
(Theorem 8.2): this is done by using the theory of derived brackets and extensions. We 
shall see that at the level of deformation functors the induced map /: Defy ux ► Def ks x is 
generally not injective, since its fibre is pro-represented by the vector space Horn {H x , 77 0 ’" -1 ) ® 
Horn (H^ 1 , while the image /(Defyu x ) C Def ks x is pro-represented by the previously 

defined locus Yb . The philosophical interpretation of this fact is that, as frequently happen in 
deformation theory, the “geometric” definition 


(0.3) 


Yu 


u£U 


rank F n H n (X u , C) 


H n (X p,C) \ = 

FiH"(X 0 ,C)J 


requires the additional framing of a homotopy between 0 and the map F n H*(X u ,C) —»• 
in order to be considered a genuine, i.e., not artificially truncated, deformation problem. 

The last result of this paper is the proof that if X is a K3 surface, then Yua is formal; this implies 
in particular that, denoting by X —> ( B , 0) its universal deformation, there exists an isomorphism 
of germs i : ( B , 0) —» (77 1 (Y, 0a), 0) such that i(Yb) is the quadratic cone defined by the Yukawa 
coupling. 


1. Review of holomorphic Cartan homotopy formulas and Kahler identities 


Unless otherwise specified every vector space is considered over the field of complex numbers. 
Given a complex manifold X let’s denote by (A* x *, d = d + d) its de Rharn complex; later on we 
shall also consider its subcomplexes, 


4>p>* _ Ah* 4>P’* — 4*’* 

% — (TP ' H x ) A x — (7I7 A x > 

i>p i>p 

together the quotient complexes 


x 


A<P ,* _ A<P~1,* _ 

A x — A x - ’ 


X 


A >p ’* 

ap<*<q,* _ x 
-Y - A >q,* ’ 


Ah* 

A x 


X 


A>h" 

A X 

A>h' 

A X 


Denote by (A^*(0 a), 9) the Dolbeault complex of the holomorphic tangent sheaf. For notational 
simplicity, unless otherwise specified, we shall denote by the same symbol [—, —] both the usual 
bracket on (0a) and the graded commutator in the space Horn* (^x *, A)j*). The contraction 
map 0 a <S> £l v x —> extends in the obvious way to map of degree —1: 

^ z e , i*( w )=£_.w, 
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which satisfies the “holomorphic Cartan homotopy formulas”, see e.g. [15]: 

(1-1) = 0, = [9, *rj], = [9, i^i]] • 

The morphism of degree 0 

l : A°/(e x ) -»• Horn ^ l ( = 

satisfies the equalities l-g v = — [8,1^] and = [l v ,lp]. A straightforward computation in local 

coordinates shows that every £ £ A^ p (0x) can be recovered from the linear map k'-Af^A 0 /: 
in particular both i and l are injective maps. We shall refer to l$ as the holomorphic Lie derivative 
of £. 

For every £ £ d]: 1 (0v)- the operator i^ is nilpotent of degree 0 and then it makes sense do 
consider its exponential 

Since [i Vl = 0 we always have e H e Zr < — e l ‘- + ’ lr ' = e H+ri . 

Lemma 1.1. For an element £ £ A^ (0v) the following are equivalent: 

(1) <9£ = — [£, £], i.e., £ is integrable (in the sense of Newlander-Nirenberg); 

(2) e-^de^ =d+l £ ; 

(3) (d + k) 2 = 0; 

(4) (d + k) 2 =0. 


Proof. The implications (2) =>- (3) =>• (4) are completely trivial. For the equivalence (1) <£=>• (4) 
it is sufficient to write 

(9 + Z ? ) 2 = -[8 + l^d + l^] = [d,l £ ] + -[Z £ ,Z £ ] = Z_9 5+ i[j j5 ] 

and keep in mind the injectivity of l. At last, for the implication (1) => (2) we have 

[“*£, = K k\ = k] + [9, *{] =k + % £ > H*. *[£,£]] = [-*£. %|] = °> 

and therefore 


=d + J2 


-*£> 


n> 0 


(n + 1)! 


■([-*£> 


-d + h + idi + Yl [ ( rl + 1 ji (*€ + h() 


- d + l(: + tg^ - ^ 


-»£» 


n> 1 


2 )! 




- d + Z 5 + % £ - -%,£] - ^2 


-*£. 


n> 1 


(n + 2)! 


■(*[£,£]) 


— d + . 


□ 


In the above setup, let n be the dimension of X. For every 0 < p < n and for every £ £ A°f l (©a) 
denote 

Ff = e^(A| p ’*) C A*x* . 

In particular for £ = 0 we recover the usual Hodge filtration of the de Rham complex. It follows 
from Lemma 1.1 that Ff is a subcomplex of A*^* whenever £ is integrable and 

e'fo (P* d+ /*)->(** d) 






ALGEBRAIC MODELS OF LOCAL PERIOD MAPS AND YUKAWA COUPLING 


5 


is an isomorphism of complexes. 

Lemma 1.2. Let £,77 G A ^- 1 (©a) be two integrable sections: then the image of 

H*(F£,d) -> H*(X,C) = 

is contained in the image of 

H*(F',d)^H*(X,C) = H*(A*/,d) 

if and only if for every x G A such that (d + l$)x = 0 there exists y G 1 such that 

i n 

-^jLx = {d + lrf)y . 
n! 

Proof. Let e H x be an element of F^, with x G AJ*; we have already proved that de %i x = 0 if and 
only if (d + l^)x = 0. Then the cohomology class of e H x belongs to the image of H*(F^,d) -A 
H* ( X , C) if and only if there exists z G Ay* such that e H x — dz G F^ or equivalently if and only if 

e~ ir ’(e i ^x - dz) = e i<L ~ iri x - (d + l^e^z G Fq 1 = A ^°’* . 

When x G AJ >0 the above equation is verified for z = 0, while for x G A the above equation 
admits a solution if and only if 

i n 

-^y-x= (d + l v )y 
n\ 

where y is the component of e^^z of type (0, n — 1 ). □ 

Assume now that A is a compact Kahler manifold, i.e., a compact complex manifold equipped 
with Kahler metric, then the Laplacians associated to the operators d, d , d satisfy the well known 
equalities [38, p. 44]: 

Ag = A d = -Ad 

and therefore they determine the same spaces of harmonic forms 

H™ = ker(A: A™ -a A™), A = A* A a , A d . 

Denoting by i: H^ q —> A p ^ q the inclusion, by 7 r: A p ^ q —> H^ q the harmonic projection and by Gg 
the Green operator for Ag we have the equalities [38, p. 66 ]: 

di = Trd = d i = 7ti9 = irGg = G-gi = 0, A-gG-g = G-gA-g = Id — iir, 

and by Hodge theory the inclusions %: —>• (A^*,d) is a quasi-isomorphism of differential 

graded vector spaces. 

Moreover the Kahler identities gives in particular the following commuting relations in the 
graded Lie algebra Horn*(A y*, A^*) [38, pp. 44, 45 and 67]: 

Ag=[d,d\ [d,T] = [d,A S ]=0, [d,Gg\ = [d,Gg] = [d*,Gg} = 0. 

Alongside to the excellent Weil’s book we also refer to [25, 35, 39] as additional resources for the 
above formulas. 

Definition 1.3. Given a compact Kahler manifold X, the operator 

h = —d*Gg = —Ggd* G Hom _ 1 (AY-*, A^’*) 

will be called the d-propagator. 
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It is straightforward to verify that the 9-propagator satisfies the following identities 

[9, h\ = dh + hd = in — Id, hi = nh = h 2 = 0, [9, h] = 0, [hd, 9] = [h, 99] = 9 . 

It is worth to point out that the above equalities give a simple and short proof of the equality 
dd(A*x ) = ker9 fl d{A*fr*), and more precisely that a 9-exact element x = da is 9-closed if and 
only if x = ddha: in fact we can write 

x = da = [h, dd]a = hdda — ddha = ddha — hdx . 

Similarly the degeneration of the Hodge to de Rham spectral sequence can be proved as a simple 
consequence of the formulas [9, hd] = 0, [hd, 9] = 9, since they easily imply the equality 

e hd de~ hd = {Id + hd)d{Id - hd) = d+ d. 

According to the terminology introduced by Eilenberg and Mac Lane [13], cf. also [20, 28], we 
may express the equalities dh + hd = nr — Id, hi = irh = h 2 = 0, by saying that for every k the 
diagram 

h 

r\ 

(ff*’*,0)^=-(A^,9) 

is a contraction of complexes. 


2. Infinitesimal deformations and variations of Hodge structures 

According to the standard terminology adopted in deformation theory, by an infinitesimal de¬ 
formation we mean a deformation over a local Artin ring; when the Artin ring has square zero 
maximal ideal we shall speak of first order deformations. Let Art be the category of local Artin 
C-algebras with residue field C; unless otherwise specified, for every B £ Art we shall denote by 
ms its maximal ideal. 

Given a complex manifold X, let’s denote by A^) q the sheaf of smooth differentiable forms of 
type (p, q ) on A. For a local Artin algebra B and a section £ £ A 1 ^ 1 (0x) 8 ms, one can consider 
the sheaf of U-modules on X: 

0 Xi = ker(9 + l^: A 0 / <S> B ^ A ^ ® B). 

It is well known that Ox t is a sheaf of flat H-modules and Ox s C = Ox if and only if 
(9 + Z ^) 2 = 0. Thus, when £ is integrable the local ringed space X% = {X, Ox s ) is a deformation of 
X over Spec(H) and every deformation is obtained, up to isomorphism, in this way. Finally, two 
integrable sections £,77 £ A i} -^ [ (Qx) ® ms give isomorphic deformations if and only if there exists 
a £ Ay°(0.y) ® ms such that e la (d + 1$) = (9 + l v )e la -. for a complete and detailed proof of the 
above assertions see e.g. [ 21 ]. 

Proposition 2 . 1 . In the notation above, for every integrable section £ £ (0x)@ms and every 

positive integer p let J- 1* C A*x* ® B be the ideal sheaf generated by the image of the multiplication 
map 

p 

/ \dO Xt ^ ® ® B ■ 

i+j=P 

Then 

if = ® h) = r(X, 7|) c A*/®B . 

In particular the subcomplexes Fjf represent the variation of the Hodge filtration along the infini¬ 
tesimal deformation X £. 
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Proof. This is proved in [15, Thm. 5.1]. It is worth to recall that the filtration F p depends by 
the section £ and we shall see later that it can be recovered from the deformation X% only up to 
automorphisms of the de Rham complex inducing the identity in cohomology. □ 

When X is compact Kahler, and £ G A° x 1 (Qx) <8> tub is integrable, a useful description of the 
cohomology of the complex (A* x <g> B, 9 + Z £ ) in terms of the 9-propagator can be obtained by 
homological perturbation theory. 

Lemma 2.2. Let X be compact Kahler with d-propagator h = —9 G-q and denote by H* x * C A* x * 
the subcomplex of harmonic forms. If B G Art and f e A x (0jc)®ttVB is integrable, then the map 

t £ = (Id - hl{)- l i = J2( h k) ni: i H x* ® B, 0) -A (A*/ ® B, 9 + Z £ ) 

n> 0 

is a homotopy equivalence of complexes of B-modules with homotopy inverse 

7= 7T (Id — Z^Zi) -1 = ^ n(l^h) n : ( A* x * <g> B, 9 + Z £ ) —¥ (. H x * ® B, 0) . 

n> 0 

In particular the cohomology groups of (A* x ® B, 9 + Z £ ) are free B-modules. 

Proof. In view of the formulas [d,h\ = dh + hd = nr — Id, hi = nh = h 2 = 0, the ordinary 
perturbation lemma [20, 28] tells that 

*£: (H^*®B,6^) —>• (A^*®B,9 + Z ? ), S ( = J2 n (k h ) n k^ 

n> 0 

is a homotopy equivalence of complexes of B-modules with homotopy inverse . It is now sufficient 
to observe that, since di = 7t9 = [9, h\ = [9, Z £ ] = 0, we have l^hd = dl^h and then 

5% = ^ n(l^h) n l^i = ^ Tr(l^h) n di^i = ^ 7 xd(l^h) n i^i = 0 . 

n>0 n> 0 n>0 

Notice that is the identity; moreover the ordinary perturbation lemma also says that 
(9 + + h^(d + 1$) = i^ir^ — Id, where Zig = h(l^h) n . 


Since di £ = ^ n>0 d(hl^) n i = Jf n>0 (hk) n ® 1 = the Lemma 2.2 also gives another proof of 
the fact that H*(F P+1 ) —» H*(F P ) is split injective for every p. In fact (d + k) l £ = 0 and the 
conclusion follows by a straightforward chasing in the diagram of complexes 

0-- (A> x p ’* ®B,d + lif) -► (A| p ’* ® B, d + Z £ )- (A p / ® B, 9 + Z £ )-- 0 



(F p+1 ,d) -- (ff, d) (H x *,0) 

in which the upper row is exact and every vertical arrow is a quasi-isomorphism. 

The next proposition shows that the results of Lemma 2.2 hold in a stronger form when the de 
Rham complex is replaced by the subcomplex of 9-closed forms. 

Proposition 2.3. If X is compact Kahler and f G Ay 1 (Qx) ® vtib is integrable, then the map 

(Id — hl{) : (ker 9 <g> B, 9 + Z £ ) —> (ker d® B,d) 
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is an isomorphism of complexes. In particular, if dim X = n, then the map 

J2( h hY- {A n /®B,d) —> (A"’* ®B,d + Id 

i> 0 

is an isomorphism of complexes. 

Proof. We first notice that, since dhl^ = hl^d the above maps make sense and are isomorphisms 
of graded vector spaces. We have 

d(Id - hi 5 ) - (Id - hit)(8 + = hl t d + hl\ - dhl s - 

= - hdlt lf\ - dhl£ - It 

= —nrl^ , 

and, whenever dx = 0 we get vkI^x = mdi^x = 0. □ 


Putting together Lemma 1.2 and Lemma 2.2 we obtain immediately the following result: 

Theorem 2.4. Let X be a compact Kahler manifold of dimension n with d-propagator h and let 
£,77 £ ^^(©x) ® tub be two integrable sections: then 

H*(F£) c H*(F*) C H*(X,C)®B 

if and only if the map 

if'. H%° ®B^ H^ n 8 B, lf(x) = ^2 7T {IrjhYi^ih^y l = 

i,j> 0 

is trivial. 


Corollary 2.5. Let X be a compact Kahler manifold of dimension n with d-propagator h and 
f £ Ay (Ox) < 8 >tub an integrable section: then 

H*(F£) C H*(Ax°’* <S> B) 

if and only if the map 

if: i?Y° © B —>• H^ n <g> B , if(x) = ^2 Tti^hl^y 1 = 

3 > 0 


is trivial. 


3. Review of A^ algebras and L x algebras 

From now on we assume that the reader is familiar with the notion of Aao and Loo-algebras; 
this section is devoted to fix notations and recall the basic results that we need in the sequel of 
this paper. 

Given a graded vector space V = ©V* we shall denote by |x| the degree of a homogeneous 
element; given an integer n we shall denote by V[n] the same space with the degrees shifted by n, 
i.e., V[nY = V l+n fo every i; finally we shall denote by s: V[n + 1] —> V[n] the tautological linear 
isomorphism of degree +1. 

For every graded vector space V we shall denote by Hoch(R) the graded Lie algebra of coderiva¬ 
tions of the tensor coalgebra T(V) = ©fc> aV® k . Corestriction induces an isomorphism of graded 
vector spaces 

Hoch(P) -J. H Hom*(R® fc , V), Q ^ pQ = (q 0 , «i. q k , ■ • •), 

k> 0 
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where we denote by p: T(V) —» V the natural projection. We call the cjk '■ V® fc —> V the Taylor 

coefficients of Q. We shall denote by Q 3 k the composition V® fc —> T(V) A T(V) —> V®- 7 ', where 
the first arrow is the inclusion and the last one is the projection. A coderivation Q is determined 
by its Taylor coefficients according to Ql = qo ■ V"® 0 = K —> V, Q J 0 = 0 for j ^ 1, Q k = 0 for all 
k, 

j 

Qi(v 1 ® = y^(-l)Sdfe<» \Q\M Vl (g)... (g) q k _ j+1 (vi ® ■ ®Vk+i-j) ® ■ ■ • <8> v k 

i=l 

for 1 < j < k + 1 and finally Q 3 k = 0 for j > k + 1. Given a morphism of graded coaugmented 
coalgebras F : T(V) —>• T(W) we shall similarly denote by fk ■ V® fc —>• W the components of the 
corestriction T(V) A T(W) A W and call them the Taylor coefficients of F: the morphism F is 
determined by its Taylor coefficients according to (where again we denote by F k the composition 
V® k T(V) A T{W) -> W®- 7 ) F°(l) = 1, F$ = F° = 0 for j, k > 1, 

AA <g> ■■■®v k ) = ^ ® fijivk-ij+i <B> 

*i H- Hj=k 

for 1 < j < k, where the sum is taken over all ordered partitions *i + • • • + * J - = fc with ii,... ,ij > 1, 
and finally F(( = 0 for j > k. 

Definition 3.1. An Aoo[l] algebra structure on a graded space V is a DG-coalgebra structure 
on T(V) vanishing at 1, that is, a degree one coderivation Q £ Hoch(I/) such that [Q,Q] = 0 
and qo = 0. An Aoo[l] morphism between Aoo[l] algebras (V, Q) and (W, R) is a morphism of 
DG-coalgebras F = (/i..., fk, ■ ■ •) : (V, Q) —> (W, R ). A morphism F is called strict if fk = 0 for 
every k > 2. 

Remark 3.2. It is well known that the above definition is equivalent to the condition that the 
higher products on the suspension V[— 1], induced by the Taylor coefficients qk via the inverse 
decalage isomorphism Hom*(V® , V ) —>• Hom*(V[— 1]® , V[— 1])[1 — k], define a strong homotopy 
associative algebra structure, also known as an Aoo algebra structure, on V[— 1], In particular, 
given a differential graded associative algebra (A,d, ■) there is an induced Aoo[l] algebra structure 
on A[ 1] with Taylor coefficients gi(s _1 a) = — s~ 1 da , q 2 {s~ 1 a\ <8> s _1 a 2 ) = (—l)l ai ls _1 ( a i • a?) and 
qk = 0 for k > 3. 

We shall denote by CE(V) the graded Lie algebra of coderivations of the symmetric coalgebra 
S(V) = ©fe>oV 0fc : again corestriction induces an isomorphism of graded vector spaces CE(V) —» 
Horn* (FA), V ) and we call the components qk : V Qk —> V of Q £ CE(V) under corestriction the 
Taylor coefficients of Q: they determine Q according to Ql = qo, Q : 0 = 0 for j ^ 1, Q k = 0 for all 
k, 

Ql(vi &---Qv k ) = ^2 EW«-j+i(M 1 )0'' ,0,, »N+i))0'''0M‘), 

aes(k—j+l,j — l) 

where we denote by S(p, q) the set of (p, q) unshuffles and by e(a) = e(cr; Vi, ..., Vk) the Koszul 
sign. A morphism of graded coaugmented coalgebras F : S(V) —» S(W) is determined by its 
Taylor coefficients fk : I^ 0fe —> W according to Fq(1) = 1, Fq = F k = 0 for j, k 1, 

F 3 k (v i0- • -Qv k ) = ^ E E sM/hCMi) 0 ' ' ,0 ^(u)) 0 * * • 0 /ii( v <r(fc-i J -+1) 0, • -0V ff(fc)) 

^ *i4- \-ij=k crG5(u,...,ij) 

for 1 < j < k and F k = 0 for j > k. 







10 


RUGGERO BANDIERA AND MARCO MANETTI 


Definition 3.3. An Aoo[l] algebra structure on a graded vector space V is a DG-coalgebra struc¬ 
ture on S(V) vanishing at 1. An L 00 morphism between Aoo[l] algebras is a morphism of DG- 
coalgebras F = (/i: (V, Q) —> ( W., R): it is called strict if fk = 0 for every k > 2. 

Remark 3.4. Again, the above definition is equivalent to say that the higher brackets on V[— 1] 
induced by the inverse decalage isomorphism Hom*(14 0fe , V) —> Hom*(V[—l] Afe , V[— 1])[1 — k] define 
a strong homotopy Lie algebra structure, also known as an L algebra structure, on V[— 1]: cf. 
[24]. In particular, given a DG-Lie algebra (F,d, [•, •]) there is an induced Loo[l] algebra structure 
on L[l] with Taylor coefficients qi(s~ 1 l) = —s~ 1 dl,q 2 {s~ 1 l\Qs~ 1 l 2 ) = (— 1)l Zl Is —1 [Zi, l 2 ] and qk = 0 
for k > 3. 


Remark 3.5. There is a symmetrization functor sym: Aoofl] —>- L 00 [l] from the category of A^fl] 
algebras to that of Loo[l] algebras [24], generalizing the classical construction from the category 
of differential graded associative algebras to the category of differential graded Lie algebras: an 
Aoo[l] algebra (V, qi, ...,q k ,.. ■) is mapped to (V, sym(q 1 ),... , sym(g fe ),...), 

sym(gfc)(i>i ©•■•©Vfc) = E £ ( <T ) ( lk{va( l) 

and sending an Aoofi] morphism F = (/i, ■ ■ •, fk, ■ ■ ■) : (V, Q) —» (W, R) to the Loo[l] morphism 
sym(F) = (sym(/i),...,sym(/ fc ),...) : (F,sym(Q)) -A (W,sym(F)), 

sym(/fc)(^l ©•••©«*:)= E £ ( a )fk(Va(l) © ' ' ' © Tr(fc))' 

o-eSfc 

Definition 3.6. Given an A^l] (resp.: Loo[l]) morphism F = (/i,..., /*,...): (V, Q) —> (W, R) 
then /i; (V, q±) —>• (IT, n) is a morphism of complexes: we shall say that F is a quasi-isomorphism, 
or equivalently a weak equivalence, if such is f±. 


Most of our computations will be based on the following important and well known homotopy 
transfer theorem: for a proof we refer to [14, 19] and references therein. 

Theorem 3.7. Given an Aoo[l] (resp.: Loo[l]j algebra (V, q ±,..., qk, ■ . •), a differential graded 
vector space (Win) and a diagram 


(Win) 


h 

9l 


o 

(V,qi) 


where fi,gi are morphisms of cochain complexes and K is a homotopy such that gifi = Id, 
q\K + Kqi = figi — Id, then there is an induced A^l] (resp.: 1]) structure (W, n, • ■ •, n,...) 

on W and an Aoo[l] (resp.: Loo\\\) quasi-isomorphism F = (/i,..., fk, ■■■)'■ W -A V, defined by 
the recursions 

k 


3= 2 

k 

for 

k> 2, 

1=2 

for 

k > 2. 


Notice that Ff only depends on /i,..., fk-j+i ■ Moreover there exists an Aoo[l] (resp.: Loo\\\) 
quasi-isomorphism G = {g \,..., gk, ■ ■ .): V W such that GF is the identity. In the A^l] case 
the Taylor coefficients of the morphism G may be defined by the recursive formulas 


k -1 

gk ~ ^ ' djQk^-k, 
0 =1 
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where K k := id®* ®K $ {figi ) k ~ i+1 : V® k V® k . 

Remark 3.8. It is useful to notice that homotopy transfer is compatible in the obvious sense with the 
symmetrization functor sym : A oc [I] —»• L^l] of Remark 3.5. In the Loo[l] case it is also possible 
to give an explicit description of the quasi-isomorphism G, although via recursive formulas much 
more complicated than in the A^l] case, cf. [2, II]. 


We have already defined the category Art of local Artin C-algebras with residue field C; in 
addition we shall denote by Set the category of sets and by Grp the category of groups. 

For a Lie algebra L°, its exponential functor is 

exp i0 : Art —> Grp, exp i0 (I?) = exp(L° ©m^) . 


Given a DG-Lie algebra L , its Maurer-Cartan functor is 

MCl : Art — > Set, MC l(B) = {x £ L 1 <g> ms | dx + ^[x, x] = 0}. 

The (left) gauge action of exp i0 on MC l may be written as 

e a *x = x + \' j— —j—'([a,x] - da) 

^ (n + 1) 

n >0 v ' 


and the corresponding quotient is called the deformation functor associated to L: 


Def L = 


MC l 
exp i0 


The basic theorem of deformation theory asserts that every quasi-isomorphism L —>• M of 
DG-Lie algebras induces an isomorphism of functors Def^ —» DefM- In one of its simplest inter¬ 
pretations, the basic theorem of derived deformation theory asserts that in characteristic 0 every 
“deformation problem” is described by the functor Defz, for a suitable DG-Lie algebra L determined 
up to homotopy; similarly every “morphism of deformation theories” is induced by a morphism in 
the homotopy category of DG-Lie algebras: here enters in the game also Loo-algebras as a funda¬ 
mental tool, every morphism in the homotopy category of DG-Lie algebras can be represented by 
a direct morphism. 

The construction of the functor Def^ extends, although in a non trivial way, also to Loo[l] 
algebras. First notice that if V = (V, q±, q 2 , ■..) is an Loo[l] algebra and (C, d) is a commutative 
DG-algebra, then the natural extensions 


qi : V <g> C —> V ® C, qi(v <g> c) = qi(v) <g> c + (—l)^w <g> dc, 


q 2 ■ (V ®C) 02 ->• V ® C, q 2 (v i <8 >Ci,u 2 <8> c 2 ) = (-l)l Cl l ^q 2 (vi, v 2 ) ®CiC 2 , 

qk ■ (V <E> C) Qk ->• V ® C, qk(@i=iVi ® Cj) = ±qk{vi 0 ■ ■ • © v k ) <8> ci • • • c k , 
gives an [1] algebra structure on V 0 C. Then the Maurer-Cartan functor is defined as 


MCy : Art ->■ Set, MCy(B) 



while the gauge action is replaced my the homotopy equivalence: two Maurer-Cartan elements 
x,y € MCy(-B) are said to be homotopy equivalent if there exists z(t) £ MC v[t,dt](B) such that 
2(0) = x and z( 1) = y; here V[t, dt\ := V 0 C[t, dt] and C[t, dt] is the de DG-algebra of polynomial 
differential forms on the affine line. The functor Defy is defined as the quotient of MCy by 
homotopy equivalence. 

For a DG-Lie algebra we recover the same construction as above and every Loo-morphism 
V —> W induces two natural transformations MCy —> MC^y, Defy —> Defy/, cf. [25, 30]. 
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4. The Fiorenza-Manetti model for the local period maps 


The starting point of this paper are the results of [15], some of them we have already used 
in Proposition 2.1. Apart from the technicalities, the main contribution of [15] is the fact that 
the “correct” period domain for a compact Kahler manifold X is not a subset of the product of 
the Grassmannians Grass(7T(X, C)) but the Grassmannian of the entire de Rham complex 
(Ay*, d ), which is a completely different object in the framework of derived geometry and carries 
a richer algebro-geometric structure, cf. [9, 10]. 

Given a vector space V and a vector subspace F C V, the Grassmann functor of the pair (V. F ) 
is 

Gy,F '■ Art -A Set, Gv,f(B) = {F \ F C V ® B flat R-submodule, F K = F}. 

If V is finite dimensional, the tautological bundle on the Grassmannian is a universal family for 
the above functor and then Gv,f(B) is identified with the set of morphism of pointed schemes 
(Spec(S),0) —> (Grass(F), F). 

If V is a complex of vector spaces and F C V is a subcomplex we can define the functor Gv,f 
as 


G vAB) 


{ subcomplexes of flat B-modules F C V (g> B such that = F } 

J R-linear automorphisms of the complex V ® B lifting the identity 1 

1 on b and inducing the identity in cohomology 


The main reason of taking quotient for the automorphisms which are homotopy equivalent to 
the identity is that in this way the functor Gy.F is homotopy invariant; this means that every 
morphism of pairs a: (V, F) —> ( W , H) such that both a: V —>• W and a : F —> F[ are quasi¬ 
isomorphisms, induces an isomorphism of functors Gy,F — Gw,h- This fact is essentially proved 
in [15] (especially in the ArXiv versions); a more detailed study will appear in the forthcoming 
paper [16]. A first consequence of the homotopy invariance is that if H*(F) -A H*(V) is injective, 
then the natural transformation 


Gv,f —> G H *(y^H*(F), B 1 y F[*(F), 


is well defined and is an isomorphism of functors: to see this it is sufficient to choose a set F[ C V 
of harmonic representatives for the cohomology of V such that H F\F —> F is a quasi-isomorphism 
and apply homotopy invariance to the morphism of pairs ( FI , FI n F) —>■ (V, F). 

There exist several equivalent models of L 00 algebras governing the functor Gy,F ; in this section 
we explain the one usually called Fiorenza-Manetti mapping cone, which is very convenient for the 
algebraic description of period maps. Another model, much more convenient for the goal of this 
paper, will be described in next sections. To this end we need to start by recalling some basic stuff 
about homotopy fibers of morphisms of differential graded Lie algebras. 

Given a morphism of DG-Lie algebras /: L —> M one can define the analog of Maurer-Cartan 
functor: 


MC/(A) = < (l, e m ) 6L * 1 ® mi x exp(M° ® mi) 


dl + -[l,l\ = 0, e m *f(l) = 0 


The gauge action on MCl lifts to a (left) action of the group functor exp i0 x exp dM _i on MC/ by 
setting 


(e“, e du ) * (l, e m ) = (e a * l , e du e m e~ na) ) 


( l,u ) G (T°®M ^mi. 


Lemma 4.1 ([27, Thm. 6.14]). 
the functor of Artin rings 


Given a morphism of differential graded Lie algebras f: L M, 


Defy 


MC f 


exp L o x exp dM _i 
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is isomorphic to the deformation functor of the homotopy fiber of f. This means that every com¬ 
mutative diagram of differential graded Lie algebras 

L —P —— ker(g) 


f 

Q 

\ 0 ' 



M —^ Q -0 


with q surjective, a , p quasi-isomorphisms and i the inclusion, induces canonically two isomor¬ 
phisms of functors 

Def/ —Def g G—- Def^ = Def ker(g ) . 

Notice that, when /: L —> M is an injective morphism of DG-Lie algebras, the Maurer-Cartan 
functor admits the simpler description 

MC/(A) = {e m G exp(M° ® tua) | e~ m * 0 G /(L 1 ) 0 tua}- 

On the other side, when M = 0 the functors MC/ and Def/ reduces to the usual definitions of 
MCl and Deft, respectively. 

Remark 4.2. The importance of homotopy fibres in deformation theory has been clarified in sev¬ 
eral places, see e.g. [14, 16, 27], since they are the right object for the study of semitrivialized 
deformation problems. 

We shall talk about semitrivialized deformation problems when we consider deformations of 
a geometric object together with a trivialization of the deformation of a specific part of it. For 
instance, in this class we have Grassmann functors and more generally embedded deformations of 
a subvariety Z of a complex manifold X: such deformations (over a base B) can be considered as 
deformations Z C X of the pairs Z C X equipped with a trivialization X ~ X x B. 

Keeping in mind that deformations = solutions of Maurer-Cartan equation and trivializations 
= gauge equivalences, it becomes natural that, according to Lemma 4.1, every semitrivialized 
deformation problem is governed by a functor Def/ for a suitable morphism of differential graded 
Lie algebras f: L —> M. 

Example 4.3. Let (V,d) be a complex of vector spaces and FcFa subcomplex. Then we have 
an inclusion morphism of DG-Lie algebras y: End*(K; F) —> End*(K) = Horn* (V, V"), where 

End* (V ; F) = {/ G End*(E) | f(F) C F}. 

Given A G Art and m G Hom°(V, V) 0 rriA, from the formula e~ m de m = d + e~ m * 0 it follows 
immediately that that e m G MC X (A) if and only if e m (F 0 A) is a subcomplex of V 0 A. If 
e m , e n G MC X (A) are gauge equivalent, i.e., if e” = e du e m e~ x ^ then e du :V*<g>A—^-FigiAisa 
morphism of complexes homotopic to the identity and, since e n (F <g> A) = e du e m (F 0 A), the two 
maps 

H*(e n (F 0 A)) ->■ H*(V 0 A), H*(e m (F 0 A)) H*(V 0 A), 
have the same image. Thus we have defined a natural transformation 

Def x — f Gv,f 

which, by the results of [15] is an isomorphism of functors. 

One of the main results of [14] is the concrete description of an Loo-algebra C(f) representing the 
homotopy fiber of /: L — > M, together with a natural isomorphism of functors MC/ ~ MCc(/)- 
The underline complex is the mapping cocone of / in the category of complexes, i.e., C(f) = 
L x M[— 1] and therefore C(f)[ 1] = L[l] x M equipped with the differential 

gi(s -1 Z, to) = (—s~ 1 dl, dm — f(l)). 
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The only non trivial contributions to the higher brackets q k : C(/)[l] 0fe C(/)[l], k > 1, are 

92 : T[l ]® 2 —¥ L[l], q k+ i: L[l] © M @k M, k > 1 , 
defined by the formulas 

92(s - 1 Zi © s _ 1 Z 2 ) = (-l) |Zl| s _ 1 [Zi, / 2 ], 

q fe+ i(s _1 Z ©mi © • • • Qm k ) = Y. e(cr)[- ■ ■ [[/(/), «V(i)],«V( 2 )] * • • >» 7 V(fc)], 


where c(cr) is the Koszul sign and Bq , B\,... 



are the Bernoulli numbers: 

t 2 t 4 t 6 t 8 

12 ^ 720 + 30240 ~~ 1209600 + ' 


Lemma 4.4 ([14, Thm. 7.5]). In the above notation, C(f) is weak equivalent (as Loo-algebra) to 
the homotopy fibre of f: L —^ M. For every B G Art we have 

(4.2) (as, m) G MC c(/) (B) «=► (x, e m ) G MC f (B) . 

Moreover (xi, mi), (x 2 , m 2 ) G MCc(/)(B) are homotopy equivalent if and only if (xi, e mi ), (x 2 , e" 7,2 ) G 
MC/(73) are gauge equivalent; in other words the isomorphism (4.2) induces an isomorphism of 
functors Defc(/) = Defy. 


For reader’s convenience we shall reproduce here the proof of (4.2). By definition, a pair 
(x,m) G C'(/)[l]° © ms = ( L 1 x M°) © m_e satisfies the Maurer Cartan equation in C(f) if and 

only if Y) n >o -^<ln{{x,m) 0n ) = 0. We have 

~[9n((x,m) Qn ) = ( -dx - — [as,as], dm - f(x) + ^ —^n+i{x,m, ... ,m) 

n >0 ’ \ n >0 

and, since 

—q n+1 (x,m,...,m) = ,m] n (f(x)) = -]"(/(x)), 

n! n! n\ 

we have 

dm - /(x) + V “r9n+i(^j = dm - , ^ ^ ^, (J(x)) • 

n! — Id 

n> 0 

Applying the operator et 1 Jd to both sides we obtain that 

dm - /(x) + V' -i-g n+ i(x,m,... ,m) = 0 
' n\ 

n> 0 

if and only if 

_ /// 

/(*) = ^- r^(dm) =e~ m *0. 

[-m, -J 

For a complex manifold A, the functor Defx: Art —> Set of its infinitesimal deformations is 
controlled by the Kodaira-Spencer DG-Lie algebra 

KS x = (A°/(G x ),-d, [-,-]), 

while the deformations of its de Rham complex are controlled by the DG-Lie algebra End*(A^*) = 
Horn*(Ay*, A^*) and the Hodge filtration gives a sequence of inclusions of DG-Lie subalgebra 

(4.3) End*(A£*; 4*’*) = {/ € End*(A^*) | /(A | p ’*) C A^>*} ^4 End*(A*/) . 
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According to Example 4.3 and Lemma 4.4, the L a 0 structure on C(x% ) controls the homotopical 
deformations of the ith subcomplex of the Hodge filtration inside the de Rham complex: here homo- 
topical means that two deformations are considered isomorphic if they differ by an automorphism 
of the de Rham complex which is homotopic to the identity. 

It is therefore natural to expect that the universal ith period map is induced by an Loo-morphism 
from KSx to in fact we have: 


Theorem 4.5. In the above notation, the map 

V 1 : KS X —t C(xi), £->&,*€), 

is a strict -morphism inducing the ith period map. 

Proof. For the proof we refer to [15]. However, the proof that V 1 is a strict Loo-morphism is 
a formal consequence of the Cartan homotopy formulas and will be reproduced later in a more 
abstract setting. Notice that for B G Art, we have 


MC_jfs x (B) = £ € ^^(©x) <E> ms 




Given an integrable section £ G MCxs x ( B) its image under V 1 is the Maurer-Cartan element 


G MC c(f)(B) which correspond to the deformed subcomplex e H (A^f'* ®B). 


□ 


5. SEMIDIRECT PRODUCTS OF L^l] ALGEBRAS AND HOMOTOPY PULL-BACKS 

Let {L,qi,... ,qk ,...) be an Loo[l] algebra and / C L an Loo[l] ideal, i.e., a graded subspace 
I C L such that qk(I <8 )L Qk ~ l ) C / for every k > 1. Then there is a unique induced Lqo[ 1] algebra 
structure on the quotient L/I such that the projection L —> L/I is a strict morphism of Loo[l] 
algebras. 

According to [7, 29] the usual construction of semidirect products of Lie algebras extends to 
Poo [1] algebras in the following way. let {ill , iq,• ■ •, ,... j and (I• q \ ■ • ■ •, i/n ■ ■ ■ ■) be two Loo [1] 
algebras; denote by CE(/) the Chcvalley-Eilcnberg DG-Lie algebra of I and let 

4> = {<j>h • • • , 4>k, ■■■)'■ M —>■ CE(/)[1] 

an Loo[l] morphism. The semidirect product / xi^ M is the Loo[l] structure on the graded vector 
space I x M given by the Taylor coefficients : (I x M) @k —» / x M: 

qk{h 0 • • • © ik) = (<?fc(*i © • • • © ik), 0), 

qj(mi 0 • • • © rrij ) = 0 • • ■ © mj) 0 (l),rj(mi © • • • © m 3 )), 

qj + k(mi 0 • • • © rrij 8)ii © • •• ©4) = (s^(mi 0 • ■ ■ © rrij)k{h 0 ■ • ■ © ik), 0), 

where s<f)j is the composition CE(/)[1] CE(J). Assuming for a while that Q = 

(§i,..., 5fc,...) is an Loo[l] structure, then the natural inclusion I I M and the natural 
projection / M —» M are strict Loo[l] morphisms. 

Theorem 5.1. In the notation above, for every Loo[l] morphism (f>: M — > CE(/)[1], the semidirect 
product I M is an Loo[l] algebra. Conversely every Loo[l] structure on I x M such that the 
inclusion I I x M and the projection I x M —> M are strict [1] morphisms, is the semidirect 
product I x^ M for a unique L^l] morphism (f>: M —> CE(/)[1]. 


Proof. For the proof we refer either to [7, Prop. 3.5] or to the paper [29] in which the finite 
dimensional assumption can be easily removed. □ 
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The above result can be used to give a construction of homotopy fiber products in the category 
of Loo[l] algebras and £oo[l] morphisms: we remark that this category is not complete, the problem 
being that in general the equalizer of two £ 00 [1] morphisms may not exist. We follows essentially 
the argument used in Schuhmacher’s thesis [31]. Recall that, by definition, a morphism of Loo [1] 
algebras F = (/ 1 , / 2 ,...):£ —t M is a fibration if its linear part /1 is surjective. 

Lemma 5.2. Every fibration N —>■ M o/Loo[l] algebras admits a factorization N —» N —> M 
where the first arrow is an [ 1 ] isomorphism and the second one is a strict fibration. 

Proof. This is proved in full details [31, Lemma 1.5.4], for reader convenience we give here a sketch 
of proof. Denoting by V and W the underlying complexes of N and M respectively, and by 
fk ■ V &k —» W, k > 0, the Taylor coefficients of the fibration, since fi is surjective there exist a 
sequence of maps gk : V &k —> V, k > 0, such that g\ = Id and f±gk = fk for every k. These maps 
induce an isomorphism of graded coalgebras G = (gi,...): S(V) —> S(V) and we define N as the 
unique £oo[l] structure on V such that G: N —>• N is an isomorphism of £^[1] algebras. □ 

Proposition 5.3. Given the £00 [1] algebras L, M, N, an £00 [1] morphism F: L —» M and a 
fibration G: N —> M, the fiber product L Xm N exists in the category o/£oo[l] algebras and £00 [1] 
morphisms. 

Proof. According to Lemma 5.2 it is not restrictive to assume that G = g: N —> M is a strict 
fibration; thus the kernel I := Ker(g) is an £oo[l] ideal and therefore by Theorem 5.1 we have 
N = I X 0 M for a well defined £00 [1] morphism (f>: M —> CE(J)[1], Considering the composite 
morphism if = <j> o F: L —> CE(/)[1], we claim that the diagram 

F 

I x,/, £- >-1 xi ^ M 

L --- -M 

is cartesian in the category of £00 [ 1 ] algebras and £00 [ 1 ] morphisms, where the vertical arrows are 
the projections (which are strict £00 [1] morphisms) and F is given in Taylor coefficients by 

fi(l,i) = (fi{l),i), fk{{h,ii) © ■ ■ ■ © ( h,ik )) = (0, fk{h © • • ■ © h)) for k > 2 : 

it is straightforward to see that F is an £oo[l] morphism [31, Prop. 1.2.4]. Given a commutative 
diagram of [ 1 ] algebras 

X —^ J xi^M 

K 

L -——- M 

it is easy to see that the morphism of graded coalgebras S(X) —> S(I x^, £) given in Taylor 
coefficients by ( pihj,kj ): X ®- 7 —» I £, where pr : I x^ M -A I is the projection, is the only 
one making the required diagram commutative, and again one should check that this is an £00 [ 1 ] 
morphism. We leave to the reader to fill in the details of the easy computations. □ 

We point out that Proposition 5.3 is the only non trivial step in the proof that the category of 
£00 [1] algebras and £00 [1] morphisms is a pointed category of fibrant objects, as defined in [4]. 

In particular, it makes sense the notion of homotopy fiber product £ N of a pair of £00 [1] 
morphisms F: L —► M and G : N —> M. Notice that it is properly defined only up to quasi¬ 
isomorphism and: 
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(1) if G is a fibration we simply take the fiber product L Xm N as in Proposition 5.3; in 
particular, if G is a strict fibration then N = I x# M for some 0: M —> CE(/)[1] and 
therefore I x^p L is a model for L iV; 

(2) if G is not a fibration, consider any factorization G: N -A N M, with i quasi- 
iomorphism and G fibration: then L x m N is a model for L x^ N. 

Since every Lqo[ 1] algebras V admits the path object V[t,dt\ = V <g>C [t,dt], the Brown’s factor¬ 
ization lemma [4, p. 421] gives as canonical factorization of a morphism G: N —»■ M the diagram 

N --— > {(n, m(t)) £ N x M[t , dt\ \ G{n) = m( 1)}----—> M . 

Unfortunately, for the application we have in mind, the above factorization is too big. However 
when G: N —> M is an injective morphism of DG-Lie algebras , a smaller factorization can be 
obtained by using the theory of derived brackets. Choosing a graded vector subspace A C M such 
that M = A ® TV, we denote by d the differential on M and by P: M -A A the projection with 
kernel N. Since the complex (A, Pd) is a deformation retract of the (desuspended) mapping cocone 
C(i)[l] (see (6.6) for explicit formulas), homotopy transfer gives an Lqo[ 1] algebra structure cj>(d) 
on A which is a model for the homotopy fiber of the inclusion G. 

Moreover, according to [1, Rem. 5.9] (cf. also [3]), there exists a DG-Lie algebra morphism 

cf: (. M , d, [-, -]) -A (CE(.A), [0(d), -], [-, -]) 

such that the map N A[— 1] x^, M, n i-a (0,n), is a strict quasi-isomorphism of Loo[l] algebras 
and thus the projection A[— 1] —» M is weakly equivalent to the inclusion G: N —>• M. Thus, 

by Proposition 5.3, for any L 00 morphism L —> M the algebra L ^4[—1] is a model for the 

homotopy pullback L N. 

Finally, explicit formulas for the Loofl] structure on A and the morphism 0 are given in [1] 
under the additional assumption that A C M is a graded Lie subalgebra: if moreover A is an 
abelian graded Lie subalgebra one recovers the Loo[l] algebra structure on A given by Voronov 
second construction of higher derived brackets [37] : 

0(d)i (a) = Pda, 0(d)fc(ai © ■ • ■ © at) = P[- ■ ■ [dai, a 2 ] ■ • • , a*,] for k > 2, 

and the morphism 0: M —> CE(H), m i-A ($(m)o, ■ ■ ■, 4>(m)fc,...), of DG-Lie algebras given by 
Voronov first construction of higher derived brackets [36] : 

0( m )o(l) = Pm, 0(m)jt(ai © • • • © a k ) — P[- ■ ■ [m, ai] • • • , a k ] for k > 1. 

In particular if A C M is an abelian graded Lie subalgebra, then A[— 1] x^ M is exactly the the 
Loo algebra defined in [37, Sec. 4, Thm. 2]. Summing together the results of this section we finally 
reach our goal, expressed by the following theorem: 

Theorem 5.4. Let (M, d , [—, —]) be a DG-Lie algebra, N C M a DG-Lie subalgebra and A C M an 
abelian graded Lie subalgebra such that M = N ® A as graded vector spaces: denote by P: M —> A 
the projection with kernel N. Given another DG-Lie algebra L and an Loo[l] morphism F = 
(/i> • • ■, fk, ■■■)'■ L[ 1] M[ 1], the Loo[l] algebra 


{A x^F L{l],q 1 ,...,q k ,...), 
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where the brackets are 

< 7 i(a, s -1 :r) = ( P(da + sfi(s~ 1 x)), —s~ 1 dx ) , 

<? 2 (s —1 aii © s~ x x 2 ) = [Psf 2 (s~ x x 1 © s _1 :r 2 ), (-l) |xi| s _1 [a;i, :r 2 ]) , 

gj(s _1 xi 0 • • • © s _1 £j) = (Psfj(s~ 1 x 1 0 • • • 0 0) j > 3, 

«fc(oi © • •• ©afe) = (-P[- ■ • [dai,a 2 ] • • ■ ,a k ], 0) A: > 2, 
q J+fc (s _1 a;i © • • • 0 s" 1 ^- © ai 0 • • • © a k ) = (P[- • • [s/j(s _1 x 1 © • • • © s _1 Xj),ai] • • • ,afc],0) j, k > 1, 


is a model for the homotopy fiber product L N (here sfj is the composition L[ 1]® J 
M). 


M[ 1] 4 


6. Models of the homotopy fiber 

The aim of this section is to compare several Aoo models of the homotopy fiber of an inclusion of 
DG associative algebras: we will apply these results in the next section to the case of the inclusion 
X P from (4.3). As recalled in Section 4, for any morphism of DG Lie algebras /: L —> M we may 
put an Loo algebra structure on the mapping cocone C(f) = L x M[— 1] which is a model for 
the homotopy fiber 0 L of /. This Loo structure is induced via homotopy transfer from the 
following DG Lie algebra model for 0 x 1 ^ L 

Kf := {(l,m(t,dt)) € L x M[t,dt\ s.t. m{t,dt )| t=0 = 0, m(t,dt) | t=1 = /(/)}, 

along a certain natural contraction called Dupont’s contraction, cf. [6, 14]; we also refer to [22] 
for the explicit Loo algebra structure on the mapping cocone C(f — g) which is a model for the 
homotopy equalizer of two morphism f,g: L —>■ M of DG-Lie algebras. 

For a morphism / : A —>• B of DG associative algebras we may similarly put a DG associative 
algebra structure on Kf and via homotopy transfer along Dupont’s contraction an Aqo algebra 
structure on the mapping cocone C(f) = Ax B[— 1]. This A„o structure was essentially computed 
in [6, Prop. 19]: the differential is as usual gi(s^ 1 a, b) = (— s~ 1 da, db — f{a)), the nontrivial contri¬ 
butions to the higher products qk'. C(f)[ l]® fc —>C(/)[1] are q 2 {s~ 1 a\®s~ x a 2 ) = (—l)l ai ls -1 (aia 2 ) 
and 

(6.1) q i+ j + i(b\ ® • • • © bi © s~ 1 a © b i+ 1 © • ■ • © b i+J ) = 

= (_i)W+EU IM bl ... bif(a)b i+1 ■ ■ • b l+J , V i + j > 1. 

i\ 

It is clear, either by Remark 3.8 or by a direct computation (recall the well known formula 
[a, — } k (b) = an d apply polarization, also recall B i+ j = (—1 y +: > B i+ j for 

i + j > 2) that the symmetrized Loo algebra structure on C(f) coincides with Fiorenza-Manetti 
mapping cocone of f Lie : A Lie -x B Lie . 

In the DG associative case there is however a simpler DG associative algebra structure on C(f) 
given by the product •: C'(/) <8 ’ 2 —X C(f), 

(6.2) (ai, sbi) • (a 2 , sb 2 ) = (aia 2 , s(b ia 2 )), 

which is also immediately seen to be a model for the homotopy fiber 0 x’fi A. The first result 
of this section is the determination of explicit Aoo isomorphisms between these two models of the 
homotopy fiber, roughly given by the exponential and logarithm on B: this will be used to simplify 
the computations in Theorem 6.3. 
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Definition 6.1. We will call C(f) with the DG algebra structure (6.2) the associative mapping 
cocone of / and denote it by C(/)as, while we will call C(f) with the A ac algebra structure (6.1) 
the Fiorenza-Manetti mapping cocone of / and denote it by C l (/) 00 - 

Lemma 6.2. Given a morphism f: A —> B of DG associative algebras, there exist two isomor¬ 
phisms of Aoo[l] algebras E : C'(/) 00 [l] -+ C(f)As[ 1] andL: C(/)as[ 1] —b C'(/) 00 [ 1], the one inverse 
of the other, whose Taylor coefficients ek,l k ■ C'(/)[l]® fc -+ C(/)[l] are ei = l\ = idc(/)[i] and, for 
k > 2, 

e k {{s~ l a i, &i) <S> • ■ ■ <g> (s _1 a fc , b k )) = ( 0, —6i ■ • • b k ) , 


fc+i \ 

- b\ ■ ■ - bkj ■ 

Proof. We denote by (C(/)as[1],?"i, r 2 , 0,..., 0,...) the Aoo[l] structure on (7 (/)as[ 1]- It is straight¬ 
forward that E and L are inverse automorphisms of the tensor coalgebra over C(/)[l], thus it 
suffices to show that L is an _Aoo[l] morphism, that is, the relation 

k 

(6.3) l k R k k + 4_i Rt 1 = ]T <H L l k>2, 

i=i 

(cf. Section 3 for notations). Looking at the explicit formulas (6.1) and (6.2) one quickly realizes 
that the only cases where the necessary relation (6.3) is not trivially satisfied are terms of type 
&i (g> • • ■ <8> bi <g> s _1 a <g> 4+i <S> ■ ■ • <8> bi + j\ in this case the left hand side of (6.3) is easily computed 
and it is equal to 

(6.4) (l k R k + 4-i J Rf 1 )(s“ 1 a® h ® • • • ® bj) = E^E/(a)6i ■■■b j 
when i = 0, and to 


4((s 1 ai,6i)(g---(g>(s 1 a k ,bk))= 0, 


(- 1 ) 


(6.5) (IkRZ+lk^Rf- 1 )^ 


bi+j) — 


bi <g> s a <g> 6,+i <8> ■ 


= ( —1)514=1 \bh\ 


i + j + 1 i + j 
when i > 1. We turn our attention to the rhs of (6.3): this becomes 


bi ■ ■ ■ bif(a)b i+ 1 • ■ ■ b i+ j 


E .. E dp+q+l 

ill Hp=* jl-t-b jg=j 


(-1) 


*i+l 


*1 


-bi ■ ■ - bi. 


is 1 a < 


-1 V9 + 1 


(- 1 ) 


Jq 


-bi+j-jg + 1 ■ ■ ’ bi+j 


By the formula (6.1) it’s clear that this is equal to (—l)^4=i ^Cijbi ■ ■ ■ 4/(a)4+i ■ • ■ b i+ j for 
some coefficient C\ : j £ Q, and a little more thought shows that we can identify Cij with the 
coefficient of z l w J in the Taylor series expansion of 


( i \ ’ ( —1 ) l+1 Bi+j i i 

<p{x,y) = Y - 7777 - x V 


= ^? k {y _ x f = _JL 


after the substitution 

* = E 


ij> 0 


\ fc+1 


i\j\ 


y-x 


k> o 


k\ 


e y ~ x - 1 


(-l) fc * 


= log(l + z), y = E- { - w k = \og(l + vj). 


k> 1 


k> 1 
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Next we observe that e i°g(i+™)-i°g(i+*) _ i = I±_!£ _ \ = -—£ and therefore 

1 + z 1 + z 

V 5 (l°g(l + z), log(l + w)) = - 1 + " (log(l +w) - log(l + z)) 

w — z 

= E + zw "~ 2 + - ■ ■ + 2 ‘ -1 ). 

fc>i 

t_iy+i y+j 

from which we get Cog = —:- and Ci , = —- : -1- : -— for i > 1. By comparison 

j + 1 i + j + 1 i + j 

with (6.4) and (6.5) this concludes the proof of the lemma. □ 


Next we consider the particular case when / = *: A —> B is an inclusion. Given a graded 
subspace C C B such that B = A ® C as graded spaces we can consider the following contraction, 
where we denote by P : B —>• C the projection with kernel A, by P^- = ids —P, by d the differential 
on B and by q\ the differential on C(i)[ 1] (notice that since d(A) C A we have (Pd) 2 = P(d) 2 = 0 
and thus Pd is a differential on C): 

K 

h 

(6.6) (C,Pd)^^(C(i)[ l], 9l ), 

9 1 

/i(c) = (s~ 1 P- L dc,c), gi(s~ 1 a,b) = Pb, K(s~ 1 a, b) = (s~ 1 P ± b, 0). 

Via homotopy transfer from the Fiorenza-Manetti mapping cocone or the associative mapping 
cocone there are induced ^4oo[l] algebra structures on C giving us two other models for the ho¬ 
motopy fiber of i. In the particular case of interest to us we may choose a C as above such that 
moreover C is a square zero graded subalgebra of B (this is a DG associative analog of the setup 
to Voronov constructions of higher derived brackets [36, 37]). In the following proposition we 
make explicit the homotopy transfer formulas under this additional hypothesis, first we introduce 
a notation: for an integer k > 1 and an ordered partition k = i\ + ••■-!- ij with j,ii,..., ij > 1, we 
define the degree zero map : C(i)® k —> C by 

(6.7) ((s~ 1 a i, fc>i) (8> • • • <g> (s -1 a fe , b k )) = 

= P(b i P(b il+ 1 • • ■ b h+i2 • P(- • • P(bi 1+ ... +ij _ 1+ 1 • ■ • b k ) ■ ■ ■))), 

where the inner Ps are inserted according to the partition (*i,... ,ij). For instance: 
g 1 (s~ 1 a,b) = g 1 (s~ 1 a,b) = P(b), g 2 ’ 1 ((s~ 1 ai,b 1 )®(s~ 1 a 2 ,b 2 )®(s~ 1 a 3 ,b 3 )) = P(h-b 2 -P(b 3 )), 

g 2 ' 1 ’ 2 ((s~ 1 a i, &i) <g> • • • <g> (s -1 a 5 , b 5 )) = P(b 3 ■ b 2 ■ P(b 3 ■ P(b A • b 5 ))). 


Theorem 6.3. Given a DG associative algebra ( B,d , •) together with a decomposition B = A® C 
into the direct sum of a DG subalgebra A and a graded subspace C such that C ■ C = 0, there is an 
-Aoo[l] algebra structure ( C , Pd , &(d) 2 , 0,..., 0,...) on C given by the derived product 

$(d) 2 (ci <g> c 2 ) = P(dc\ ■ c 2 ) 


together with Too[l] quasi-isomorphisms Fas'- C —> C(i)as[ 1], Gas '■ C(i)as\ 1] —> C, Poo : C —> 
C(i) oo[l], Goo: C(i)oo[l] -t C given by f As , i = fi = foo,i, 

fAs, 2 (ci <8> c 2 ) = S~ 1 P ± (dc 1 ■ C 2 ) = /oo, 2 (ci ® C 2 ), 
fAs,k = 0 = f oo, k for k > 3. In terms of the linear maps (6.7) we have 

(-!) fc+i 


U.\ 


,,k= E (-1 y+tg 11 '-*, 


= E 


iiH- \-ij—k 


nH-h ij=k 


*i ! •"*?!' 
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The following diagrams are commutative, where E and L are the Aoo[l] isomorphisms described in 
Lemma 6.2. 



Proof. To begin we will show that the given structure on C and ^4oo[l] quasi-isomorphisms 

F As :C —> C(i) As [l], G As : C(i) As [ 1] —> C are the ones induced via homotopy transfer from 
(C(i) As , ri, r 2 , 0,... ,0,...) along the contraction (6.6). We denote by pb■ C(i)[ 1] -A B the pro¬ 
jection, then 

Ps^ 2 /f 2 (ci 0> c 2 ) = PBr 2 ((s~ 1 P ± dc 1 ,c 1 ) 0 (s~ 1 P ± dc 2 ,c 2 )) = (-l) |ci|+1 ci • P ± dc 2 = dci ■ c 2 , 

since we have c • P^b = c ■ b for all c £ C , b £ 2?, and 0 = d(ci • c 2 ) = dc\ • c 2 + (—1)l Cl Ici • dc 2 
for all ci, c 2 £ C. For the moment we denote by (C, Pd, fa, ■ ■ ■, fa, ■ ■ •) and F = {fi, ■ ■ ■, fk, ■ ■ ■) 
the j4oo[ 1] structure on C and Aoofl] morphism F: C -A C(*)as[ 1] induced via homotopy transfer 
from C(i) Aa \T\, by the above fa{c\ 0 c 2 ) = ffir 2 /® 2 (ci. 0 c 2 ) = P(dci • c 2 ) = $(d) 2 (ci 0 c 2 ) and 
/ 2 (ci 0 c 2 ) = Kr 2 ff 2 (ci 0 c 2 ) = s _1 P- L (dci • c 2 ) = f As , 2 (ci 0 c 2 ). Next we see that 

PBr 2 F 2 (c\ 0 c 2 0 c 3 ) = PBr 2 (s —1 P _L (dci • c 2 ) 0 c 3 + d 0 s _1 P J -(dc 2 ■ c 3 )) 

= (-l)l Cl l +1 ci • dc 2 ■ c 3 = dc\ • c 2 • c 3 = 0, 

hence fa = p\r 2 Ff = 0 = Kr 2 Ff = / 3 . Assuming inductively that fa = 0 = fj for all 3 < j < k it 
is straightforward to see that pBr 2 F 2 = 0 and thus also fa = Q = fk- It remains to show that the 
Aoo[l] morphism G = (gi ,..., gk, ■■■)'■ C(i) As [ 1] —> C given by the homotopy transfer formulas is 
the same as G As in the claim of the proposition. Recall that gk is defined by the recursion 

(6.8) gk{{s~ 1 a 1 ,b 1 ) 0 • • • 0 (s~ 1 a k , b k )) = gk-iR^Kk ((s _1 ai, &i) 0 • • • 0 {s~ 1 a k , b k )) , 

where K k := £j =1 ®K 0 (f l9l )^ : C(i)[l]® fc -A C(i)[l]® fc . 

Starting with g AsA = g 1 we assume inductively we have shown g As j = gj for 1 < j < k. We 
claim that gk-i{{s~ 1 ai, b\) 0 • • • 0 (s _1 afc_i, bk- 1 )) = 0 whenever b k -1 £ C: this is because there 
is a bijective correspondence between the set of ordered partitions k = i\ + ■ • ■ + i p of k with i p = 1 
and those with i p > 1 given by (ii,..., ij, 1) i-A {i \,..., ij + 1). Moreover when b k ~ 1 € C we have 
9 l 1’"' ’^^((s-ioi, bi) 0 ■ ■ ■ 0 (s~ 1 a k -i, bk-i)) = g 11 ’"' ’ lj+1 {(s~ 1 a 1 ,b 1 ) 0 • ■ ■ 0 {s~ 1 a k -i,b k -i)) and 
the two appear with opposite signs in the summation for g k -\ = g As ,k- 1 - Clearly, we also have 
g k -i((s~ 1 ai,bi) 0 0 (s~ 1 a k -i,bk-i)) = 0 whenever bj = 0 for some 1 < j < k — 1, putting 

these two fact together we see that (6.8) reduces to: 

< 7 fc((s -1 ai, &i) 0 • ■ ■ 0 (s _1 a fc , b k )) = 

= (-l) |hfe - l| g fc _ 1 ((s _1 ai, &i) 0 • • • 0 r 2 ((s _1 a fe _ 2 ,6 fc _i) 0 (s~ 1 P ± b k , 0))) 

= -g fc _i((s -1 ai,&i) 0 ■ • • 0 ( s~ l a k - 2 ,b k - 2 ) 0 (• • • ,b k -1 • P ± b k )) 

= 51 (-l) fc+ - 7 5® 1 ’-*((s- 1 ai,6 1 ) 0 • ■ • 0 (• • • ,b k -i ■ b k - b k -i ■ Pb k )) 

ilH-1 

^ ((_i)*+jyi.- A+1 + (_i)fc+j+yi,- ,b,i) ((s -i ai5 bl) 0 ... 0 ( S -I afc , &*)) 

iiH-1 

= (-l) fc+ ' J 5 ll ’- , ^((s _1 ai, 6 i) 0 --- 0 (s _1 a fc , 6 fc )) 

ii-t-hij=fc 

= ffA s ,fc((s _1 ai, &i) 0 • • • 0 (s _1 a fe , 6fe)). 
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This concludes the first part of the proof. 

At this point we could similarly prove that {C, Pd, $(d) 2 ,0,..., 0,...), F, x and are the Aoofi] 

structure and Aoo[l] quasi-isomorphisms induced via homotopy transfer from C(i)oo[l] along the 
contraction (6.6): this is true but the computation is a little harder and we won’t actually need 
this fact, as we only need to be able to compare the various models. Instead, we observe that the 
claim of the theorem follows once we show F x = LFa s and = GasE. The first identity is 
easy and left to the reader; for the second we have 
k 

Y. gAs^El^s^ai^ i) ® ■ • ■ <S> (s _1 a fc , b k )) = 

i= 1 

= E E (-ir+v 1 ’-^ ((•••, jjh • • • b n )»-»(-, ■ ■ • b k 

ji-\ -tj*=fcu-i-Hi=* V\ ■ / V 



= y y . J ' x . J ‘ • 1 . J,j {(s 1 a k ,b k )) 

ji~\ - \-ji=k ii~\ - \~ij=i 

( \ 


= E 

i iH -h ij=k 


E 


V K - 


' + h3 Pj = 


^_lp+pl-l —\-pj 


*ai,6i) ® ••• <g> ( s 1 a k ,b k )) 




and by the equality 


E E 


(—l) p+i \ 


(6.9) 


we get 


h\ \ • ■ • h v \ 


* = E E 


\h -\-1 


/i! 


p> 1 


i>l 


E 


(_^)f+PiH-tPj (_X)- J+il_l -tij (-l)-f+ fc 




□ 


Remark 6.4. In general homotopy transfer from Fiorenza-Manetti mapping cocone or the associa¬ 
tive one will induce different Aoo[l] structures on C: the fact that they are the same in the case of 
the previous proposition follows from the hypothesis C ■ C = 0. Moreover, we remark that we only 
used this hypothesis in the computation of the Aoo[l] structure on C and the Aoo[l] morphisms 
FAsi Fqq and never in the computation of Ga s ,G qq. 


7. Algebraic models of formal period maps 

We recall, from [15], the definition and the basic properties of Cartan homotopies. 

Definition 7.1. A Cartan homotopy between two DC Lie algebras L and M is a linear map 
i : L —>• M, x i-A i x , of degree —1 such that the following formal Cartan identities are satisfied: 

[*x> *y] = 0, [i x ) ly] = *[x,y]) \/x, y £ L, 
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where l : L —> M, x H > l x , is the degree zero map, called the boundary of i, defined by l x := 
d M ix + id, L x- Then it is easy to prove that l is a morphism of graded Lie algebras: moreover, 
there is proven in [15, Cor. 3.7] that when l factors through the inclusion i: N —> M of a DG-Lie 
subalgebra then L —> C(i), x i-a ( l x , si x ), is a strict morphism of algebras. 

Example 7.2. Let X be a complex manifold of dimension n, L = KSx the Kodaira-Spencer DC 
Lie algebra and M = End(A^*) the DC Lie algebra of endomorphisms of the de Rham complex, 
then the holomorphic Cartan formulas (1.1) show that i : KSx -A End(A[^*), £ i-a is a Cartan 
homotopy in the above sense. Moreover, l £ is the holomorphic Lie derivative with respect to £ and 
thus it preserves the Hodge filtration on A*^*', in particular, for all 0 < i < n the boundary of i 
factors through the inclusion \i '■ End (Ay*, A^ 1 ’*) -A End(A]^*). The induced strict L morphism 
V : KSx —t C{xi) is the algebraic model of the ith period map from Theorem 4.5. 

The following definition, cf. [16], generalizes the previous example. 

Definition 7.3. A formal period data is the data of a DG space (V, d), a DG subspace W C V, a 
DG-Lie algebra L and a Cartan homotopy i : L —> End(E) such that the boundary l factors through 
the inclusion i: End(E, W) -A End(V'), where End (V,W) := {/ £ End(E) s.t. f(W) C W }. We 
call the strict morphism L — > C(i), x H > ( l x ,si x ), the formal period map associated to the 
formal period data. A split formal period data is a formal period data together with the choice of 
a graded subspace A CV such that V = W © A as graded spaces. 

Given a split formal period data as above we denote by P: V —> A the projection with kernel 
W and by P 1 - = idy — P: then P: End(H) -A End(G): / -A PfP ± is a projection with kernel 
End(E, W) and image which we may and will identify with Horn* (W, A). The decomposition 
End(V) = End(V, W) ® Hom*(W, A) satisfies the hypotheses of Theorem 6.3, thus there is a DG 
associative algebra structure on Hom*(W, A)[— 1] with differential 6(sf) = —s(P[d,f]P- L ) and 
product sf • sg = s(fdg): the associated DG Lie algebra is a model for the homotopy fiber of 
the inclusion i. The symmetrization of the morphism Goo of Theorem 6.3 gives an Lqo[ 1] quasi- 
isomorphism from Fiorenza-Manetti mapping cocone C{i)[ 1] to Hom*(VF, A) and the composition 
of this morphism and the formal period map is the following L a0 [1] morphism: 

(7.1) n oo = ( 7 r 1 ,...,7r fc ,...): L[l] —t Horn*(W,A), 


(_l)fc+j 


*i' ■ 


Pi 

r 


’ % x , . , P ' ' * P 1 x ,. ... 


(7.2) 7Tfc(s X10---0S Xk) = 

= E E 

o-eSfe ilH-Hj=fc 

We shall call the map (7.2) the split formal period map associated to the split formal period data. 

Example 7.4. The formal period data in Example 7.2 splits canonically A = A 0 A^’*. 
We want to compute the associated split formal period map Hoc: KSx\f] -A Hom*(A=| 1 ’*, A ^7’*). 
To apply the previous formula for 7rfc(s -1 £i 0 ••• © s -1 £fc) we consider separately the various 
components 7Tfc(s -1 £i ©• ■ -0s -1 £fc): A l ^ J ’* -A A^^ where 0 < j < min(fc, n — z + 1) (obviously 
7 r fc(s” 1 £i 0 • ■ ■ © s- 1 ^) vanishes when j is not in this range), 


• i P 

(k) r 


7Tfc(s 1 (l0"'0S 1 £,k) = ^ £ ( a ) 

&eSk 


E 

i *1-1-1-»h=fe, lh>j 


(-1) 


h-\-k 


*i! 


(-i) fe+1 + ^4 (-i)wn 


= k\ 


k\ 


ih=j +1 


W- 


E 

ilH-h*/i-i=fc —ih 


*■£<7(1) ' ' ' *£cr (fe) 

?i! • • -i h -i\ 


Hi' " l £k ■ 
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and then, according to (6.9), 

7Tfc(s -1 £i 0 ■ ■ • 0 s -1 £fc) = [ -fc! 

ih=j +1 


= E(-D* 


Kh =0 


(-i) ih 

i h \{k-i h )\ I 


4 Sl ' ' ' Hk 


For i = n. the computation of Example 7.4 gives: 


Theorem 7.5. Let X be a complex manifold of dimension n. Then the Lqo[1] morphism 

IIoo = (tti, ..., 7T fc ,...): KS X { 1] Hom*(A£*, A<”’*), 

with Taylor coefficients 

7Tfe(s _1 6 0 • • • © s -1 £fc) =»£!-•• “>■ A^ k ’*, 0 < fc < n, 

is an algebraic model of the nth period map. 

Suppose now that X is a compact Kahler manifold; as above we denote by HfT the space of 
harmonic forms, by i: H*f * —>• A*^* and tt: A*^* —> Hf* the inclusion and the harmonic projection 
and by h = —d G-q the 9-propagator (Definition 1.3). As usual we denote by P : A^* —> Aff’* 
the projection with kernel A^ p ’*. We have the following contraction 


(7.3) 



6(f) = Pdf - (-1 )Mfd, 


*(/) = */ 7r > 5i(/) = 7 r /b K(f) = hf + (-lyPinfh. 

In fact 

(SK + K6)(f) = S(hf + (-1 )Wiirfh) + K(Pdf - (-1 ) l/i /d) 

= Pdhf + (-1 ) l/l (/i/ + (-1 ) l/l « 7 r//i)d + hPdf - (-1 )^hfd + mfdh 
= Pdhf + hPdf + mf(dh + hd). 

Next we notice that dh + hd = nr — id and [P, h\ = 0, thus Phdf + hPdf = P(in — id)/ = (iir — id)/ 
and 

(SK + KS)(f) = (i7r - id)/ + ntf(m - id) = mfm - f = igi(f) - f. 

The side conditions g\K = I \ 2 = Ki = 0 are also easily verified. 

Proposition 7.6. The homotopy transfer along the contraction (7.3) induces: the trivial Poo[l] 
structure on Horn * , HfT'*), the Poo[l] quasi-isomorphism 

G = (g u ... ,g n ,...): Horn*(A| P ’*, A$ p ’*) —> Hom*(P| p ’*, P< p ’*), 

9k(f\ ©■•■©/&)= y] £(<r)nf<T(i)hdf a ( 2 )hd---hdf a (k)i, 

o-eSfc 

and the strict Poo[l] quasi-isomorphism i: Horn * (H^ p ’* ^ H^ p ’*) —>• Hom*(A^ p ’*, Ax P ’*). 

Remark 7.7. One should notice that in the above formula the fj € Hom*(A^ p ’*, Ax P ’*) are identi¬ 
fied with endomorphisms fj € End(A^*) such that Im(fj) C A'ff’* C Ker(/j). The same remark 
applies to the following computations. 
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Proof. In the computation of the homotopy transfer we take advantage of the fact that the L^ [1] 
structure on Hom*(H^ p ’*, A^f 1 ’*) is the symmetrized of the Hoo[l] structure ( 91 , 52 , 0 ,..., 0 ,...), 

Q2i.f1 <8/2) = (-l) l/l|+1 /id/2 = (-l) l/l|+1 /i< 9 / 2 , 


where the last equality follows by the previous remark. For the moment we denote the Aoo [1] struc¬ 
ture induced on Horn*(Flip’*, H^ p ’*) via homotopy transfer along (7.3) by (0, ,... ,r k ,- ■ .), and 

we denote by (*, i 2 , ■. ■, i k , ■ ■ ■): Hom*(7J^ p ’*, H^ p ’*) -A- Hom*(H=| p ’*, A^ p ’*) the induced Hoo[l] 
quasi-isomorphism. Since di = nd = 0 we see that q 2 i® 2 = 0, and thus r 2 = giq 2 i® 2 = 0 = 
Kq 2 i® 2 = i 2 . Since q k = 0 for k > 3 a straightforward induction shows that ik = fk = 0 for all 
k > 2. It remains to prove that the induced ^4oo[l] quasi-isomorphism 

G = ( 9l ,.. ., g k ,. ..): Hom*(H| p ’*, A< p ’*) -A Horn* (Ll| p >*, LT< P ’*) 


is given by 


g k {fi < 8 > • • ■ <8> fk) = irfihdf 2 hd ■ ■ ■ hdf k i , 
that is, that the g k satisfy the recursive relation 

(7.4) g k {fi © ■ ■ ■ ® f k ) = gk-iQ^Kk (/1 ® ■ ■ ■ < 8 > fk), 


where as usual K k = Y^'jZo id®-* © (?’<?i)® fe_J “ 1 . We first consider the case k = 2 : as for 

all fi,f 2 G Horn *(A^- p ’*,Ax P ’*) we have q 2 (fi © n r/ 2 ) = 0 it follows that Q\K 2 {fi © f 2 ) = 
(-l) l/l| g 2 (/i ®K(f 2 )) and thus 


g 2 i.f 1 © f 2 ) = (-1 ) l/l| 5 i 9 2 (/i © ihf 2 + i-1) 1 hl nrf 2 h.)) = -giifidhf 2 ) = Trf 1 hdf 2 i. 


We suppose inductively that gi,...,gk-i are of the desired form: in particular for all f € 
Hom*(A| p ’*,A< p ’*) we have g k -ii ■ ■ • © n r/) = g k - i(- • • < 8 > Kif)) = 0 and thus the right hand 
side of (7.4) becomes 

gk-iQ k k ~ l K k (/1 © • • • © /fc) = (-l) l/fc_ll 5 fe-i(/i © • • • © fk-2<$q2ifk-i © K(f k ))) 

= gk-iifi © ■ ■ • © fk—2 © ifk-ihdf k )) = tt fihdf 2 hd ■ ■ ■ hdf k i- 


□ 


We are now able to present a third algebraic model of the nth period map with the nice property 
that the target algebra is minimal (in fact, it has the trivial Loo algebra structure). 

Theorem 7.8. The Loo[l] morphism Voo = ipi, ■ ■ ■ ,Pk, ■■■)'■ t Horn * {Hff* , , from 

the Kodaira-Spencer DG-Lie algebra to Horn *[Hff*, H^ n ’*) with the trivial Loo[l] structure, given 
in Taylor coefficients by 

(7.5) Pfc(s -1 £i © •• ■ © s -1 £ fc ) = 

k 

= e ( <T ) 7r *£a(l)*£,r(2) ' ' ' *C<7(3) ^€o-0 + l) ^^o-G+2) ' ' ' ^£<r(k) 

i=i <reSO',i,...,i) 

is an algebraic model of the nth period map. 

Proof. We have to show that the map "Poo defined in (7.5) is the composition of the model of 
the nth period map —> Hom*(Hj*, dy"’*), 7Tfc(s _1 £i © • ■ ■ © s~ x fk) = • • • i^ k , of 

Theorem 7.5 and the Loo[l] quasi-isomorphism G: Horn * {A 7 ^*, A^f 1 ’*) —> Horn* (7LJ*, of 

Proposition 7.6. 
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First of all we notice that gk(fi © ■ • • © fk) = 0 whenever at least two entries fi, fj belong to 
the subspace Hom*(klJ*, Abj 71-1 ’*) C Horn * (A 1 ^*, Thus the composition GIIoo is given by 

£: ( fT )l?i(*|<T(l) ' ' ’ *G(il) ® ' ' ' Q ®£<T(k-i 4 +l) ' ' ‘ Hv(k)) = 

i=l jlH-h7i=fccreS(ji ) ...,.Ji) 

= 55 55 e ( (T ) (L _ 7 )|9 , fc-J + 1 (*G(l) Q *6,0+1) ©" ■©*$»(*)) 

i=i <resa,i,...,i) v ■ y; ‘ 

fc 

= 51 55 £ ( (J ) 7ri ^(i) • ■ • *6,0) ^0+1) ^ * 

j=i o-eS(j,i,...,i) 
k 

= 55 55 e ( f7 ) 7ri ^o) ' ■' Ha ij) hl U j +D h ' •' W 6, w * = Pfe(s _1 6 © ■ ■ • © a ~%). 

3 — 1 o-e50',l,....l) 

To justify the last passage we claim that hdi^hd ■ ■ ■ hdi^ k i = hl^h ■ ■ ■ hl^ k i for all k > 1 and 
£i,..., £& € KSx- In fact, since di = <9h3 = 0, we have 

hl il h---hl ik i = hl il h---hl ik _ 1 h(di ik TH k d)i 

= hi a h ■ ■ ■ h(diT Hk-i®)hdit k i = ■ • • 

= h{di^ =F i(' X d)hdi^hd ■ ■ ■ hdi^ k _ 1 hdi^ k i = hdi^hd ■ ■ ■ hdi^ k i. 

□ 

Remark 7.9. Taking the composition of the morphism Voo of Theorem 7.8 with the natural pro¬ 
jection Horn* (Hx*, —> Horn*(TJj*, H 7 ^ 1 ’*) we recover the Lqo[ 1] morphism introduced in 

[26] for proving that the obstructions to deformations of X are annihilated by the map 

*: H 2 (X,e x )^l[Rom(H i (X,n3 c ),H i + 2 (X,n^- 1 )). 

i 

Taking the composition of the morphism Voo of Theorem 7.8 with the natural projection 
Horn * (H^'*, H^ n ’*) —+ Horn * (H^’*, H^*) we get the Too[l] morphism 

$ = KS X [ 1] -»■ Horn 

where (f>k = 0 for k < n and 

<t>k(s 6 © " ' © S £fc) 5 . £ (<j)7ri^ (j (ij i^ cr ( 2 ) ' ' ' *£o-( n ) ^€<r(i+l) ^6,(i+2) ' ' ' ^6,(*)* 

cr£5(n,l,...,l) 

for fc > n, which is the (formal, pointed) analog of the Yukawa potential function (see e.g. [34]) 
for an arbitrary compact Kahler manifold. 


8. Loo MODELS FOR YUKAWA ALGEBRAS 


Let X be a Kahler manifold of dimension n > 2 with a fixed Kahler metric. In Theorem 7.8 we 
constructed an Loo[l] model 


Hon 


T7-0<*<n,* 

H x 


KSxl 1] 


v , 


Hom*(Lr£*,i7< n >*) 
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of the geometric diagram of pointed moduli spaces 

(Grass(F 1 ff*(X, Q), F n H*(X, C)) 

B — > (Grass€)), F"tf*(A, Q) 

where B is the base of the semiuniversal deformation of X and V n the nth local period map. As 
explained in the introduction, if we want to replicate the geometric diagram 

Y b -(Grass(i ;il 7J*(X, C)), F n H*{X, C)) 

B — > (Grass(J? * (X, C)), F n H*{X, C)) 


in the category of algebras, the only thing that makes sense (according to the general philosophy 
of derived deformation theory) is to replace the above cartesian diagram of complex singularities 
by a homotopy cartesian diagram of Aoo[l] algebras 

Yu.y [1]-- Horn 

KS X [1] Horn* (H%* 


Definition 8.1. We shall denote a homotopy fiber product of the previous diagram of algebras 
by Yu.y (thus, strictly speaking, Yux denotes an object in the homotopy category of algebras). 
In particular the associated deformation functor Defyux : Art Set is well defined. 


By a straightforward application of Theorem 5.4 we obtain the following concrete Too[l] model 
of Yujy [1] ■ 

Theorem 8.2. The Aoo[l] algebra (ATS'.yII] x Hom*(ITj’*, 1], q\,..., qk,...), where the 

nontrivial brackets are < 7 i(s _1 £, sf) = (s -1 <9£, 0), 


92 (s % iiQs '&) 
qk = 0 for 2 < k < n and finally 


((-l) l6l s 1 [6,6],S7ri fl i^t) if n = 2, 

(-l) ICl| s _1 Ku6] tfn> 2, 


Qn+k(s ©••*©« l tn+k)= Yl £ ( CT ) S7ri G( 1) •••*G(n) W G(n+l) /l --- W G(n +fc )b 

aG5(n,l,...,l) 


is a homotopy fiber product of the diagram 


Ho 


L x 


KSx[ 1] 


•Horn 


<n,*\ 
X ) 


and thus a model of Yuyt [1] • 
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Fixing the above choice of a model of Yux[l], the Maurer-Cartan functor becomes 


MC Y u x| i] : Art — > Set, B i-a MCy ux [i] (B) = 

(s -1 £, sf) £ ( Yu.y [1] ® m s )° 
thus recovering the equation of Corollary 2.5. 

The previous model of Yux —> KSx has the advantage to be a fibration of Too algebras with 
minimal fiber. On the other hand it has the disadvantage that the formulas for the brackets 
involve Green’s operator which is almost never explicitly known. We conclude this section by 
giving a second, more treatable, model of Yu.x/1]- We replace our algebraic model of the period 
map by the weakly equivalent one from Theorem 7.5, then we apply again Theorem 5.4 to obtain 
an explicit model for the homotopy fiber product of 

Horn 

KS X [ 1] Horn*(AJ*, A<"’*) 




Recall that the DG-Lie algebra structure on (Hom*(A]£*, A^"’*)[— 1], <5, [—, —]) is given by 

S(sf) = s(-[9,/] - Pdf), [sfi,sf 2 \ = s (fidf 2 - (-l) (l/l|+1)(l/2|+1) /2i9/i) , 

where P: A^* — > Ay’ 1 ’* is the projection with kernel A’JA, and we identify every element / £ 
Hom*(A^-’*, A^ n ’*) with its image in End(A^*); in particular Im(/) C A^ n ’* C Ker(/). For degree 
reasons we have [s/i, s/ 2 ] = 0 whenever / 1 , f 2 £ Hom*(A^.’*, A^*) and therefore the decomposition 


Hom*(A£*, A<"'*)[-1] = Horn *(A£‘ 


a 0<*<n,* 

> 


)[-!]© Horn* (A”/ 




satisfies the hypotheses of Voronov construction of higher derived brackets [36, 37]. 

Lemma 8.3. The Too[l] algebra structure on Hom*(AJ*, A^*)[—1] induced via higher derived 
brackets is abelian with differential qi(sf) = — s[9, /]. 

Proof. We claim that [<5(s/i), s/ 2 ] = 0 in the DG-Lie algebra Horn*(A y*, A^- n ’*)[—1] whenever 
/ 1 , f 2 £ Hom*(Aj*, A^*), which obviously proves the lemma. This is clear by degree reasons if 
n > 3, while for n = 2 we have 

[6(s/i),s/ 2 ] = [s(-[<9,/r] - 9 / 1 ),s/ 2 ] = (-l) l/l|(l/2|+1) s(/ 2 9 2 /i) = 0. 


□ 


Theorem 8.4. TTieToofl] algebra (-ftTSV/l] x Horn* (A’JA, A^*)[—1], q \,..., q n ,...), where the only 
nontrivial brackets are gi(s _1 £, s/) = (s _1 9£, — s[<9, /]) 


92(s ^iOs 1 &) 


((-l) l£l| s ifn = 2, 

(-l) l?l| s _1 [6,6] ifn> 2, 


92 (s/®s *£) = (-l) m s(/^), 
<7n(s -1 £i © • • • 0 s" 1 ^) = s(* ?1 • • • i £n ), 
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is a homotopy fiber product of the diagram 


Horn* (A”’ a 


/ )0<*<n,*\ 
! A X ) 


KS X [ 1] 


■ Horn* (A 


n ,* 
X 


AT'*) 


and a model for Yua _ [1]- 


Proof. We have to show that the Lqo[ 1] algebra structure in the statement is the one given by 
the formulas of Theorem 5.4. This is a consequence of the fact that nested brackets of the form 
[• • • • • • i^), sfi]. • • • , sfk], where £ Horn *(AT ,Ax) and the brackets are com¬ 

puted in the DG-Lie algebra Hom*(vlJ*, AT'*))— 1], are trivial for obvious degree reasons except 
in the case j = k = 1, where 

[s(H),sf\ = (-1)I«H/I+I«I+ 1 S (/^) = (_l)l€M/l+l€l+i s (/^) € Uom*(A n T,A°T)[-l], 


as = ^*£1 A"’*- The restriction of the Loo[l] structure to the fiber Hom*(j4^’*,^4^t*)[— 1] is 

homotopy abelian by the previous lemma. Finally, it is clear by degree reason that the only bracket 
<?fc(s -1 £l 0 • • • © s _1 £fc) with a nontrivial component along Hom*(d";*, 1] is q n . □ 


9. Formality of Yukawa algebras for K3 surfaces 


When X is a compact Kahler manifold with trivial canonical bundle, we get a consistent sim¬ 
plification of our formulas. If n = dimY, let SI £ H°(X,Kx ) be a holomorphic volume form. 
The Bogomolov-Tian-Todorov theorem says that the Kodaira-Spencer algebra KSx is homotopy 
abelian, where, according to [17, p. 357] (cf. also [25, Section 7.3]), an explicit homotopy equiva¬ 
lence is given by the pair of quasi-isomorphisms of DG-Lie algebras 

KS X ^ L = {£ £ KS X | ld^) = 0 }Am = j, 
where I is the differential Lie ideal 


/ = {£ £ KS X | km) £ d(A n ~ 2 '*)} ■ 

More precisely, the Koszul-Tian-Todorov lemma ([23, Prop. 2.3], [32, Lemma 3.1], [33, Lemma 
1.2.4]) tell us that both L,M are DG-Lie algebras and the bracket on M is trivial, while the 
dd-lemma implies that both arrows are quasi-isomorphisms and the differential on M is trivial. 
Taking the pull-back of the fibration of Loo[l]-algebras 

KS X [ 1] x Rom(HT,H°x*)[- l \ KS X [1] 


via the strict quasi-isomorphism a we get a strict quasi-isomorphism 

L x Hom(ff£*,.ff°!*)[-l] -»■ KS X [ 1] X Hom(flJ’*,i^*)[-l] 

in which every Taylor coefficient of degree > n in L x Hom(7J^’*, hT)[~ 1] vanishes. More precisely 
the nontrivial brackets are <?i(s -1 ^, s/) = (s -1 9£,0), 


92(s 1 £i®s X 6) 


((_l)l«il s if n = 2, 

((-l)l« 1 ls' 1 [Ci,6],0) if n > 2, 


qk = 0 for 2 < k < n and finally 

9n(s -1 £l © • • • © S _1 Cn) = S7T*5i •••*{„• 
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Lemma 9.1. In the above notation, if X is a K3 surface then, for every f € L and every p € I 
we have 

7T= 7T = 0 . 


Proof. Notice first that and then it is sufficient to prove the first equality Tri^i v = 0. 


Since H^ = H^ = 0 the lemma is trivially verified when |£| + \r]\ 0, 2. 

K I Cl + \v\ = 2, by Serre duality it is sufficient to show that 

/ A 12 = 0 . 

Jx 

Since 12 is (9-closed and (L2) — is 9-exact we have 

/ A 12 = / A 12 = — / *^(12) A i{(12), 

Jx Jx Jx 

where the second equality follows from the fact that i £ is a derivation of degree 0 of the de Rham 
algebra. The last integral is trivial since by assumption is 9-closed and i v (Ll) is 9-exact. 

If ICI + M = 0 j again by Serre duality it is sufficient to show that 


7 A 12 A 12 = 0, 


lx 


7rA 12) A 12 = 0 . 


Since i p (12) = 0 for every p , the same argument used in the previous case implies that 


lx 


Tri^i v (I} A 12) A 12 = / i^i v (TL A 12) A 11 = — / i v (VL A 12) A *£(12) 


ix 


lx 


and the last integral vanishes since *,,(12 A 12) = *,,(12) A 12 is 9-exact and *^(12) A 12 is enclosed. 
Since 12 A 12 is a scalar multiple of the Kahler volume form, we have d (12 A 12) = 0 and, since 
— *£*,,(12) is d -exact, we have 

/ 7r*£*,,(12) A 12 A 12 = / *£*,,(12) A 12 A 12 
Jx Jx 

and the same argument as above shows that the last integral vanishes. 

□ 


Theorem 9.2. Let X be a K3 surface. The the algebra Yux is formal. More precisely Yux 
is quasi-isomorphic to the graded Lie algebra 

H*(X, Q x ) x Horn* (H* (12^), H*(O x )), [(£,«), (v ,«)] = (-l) 1 * 1 *^ • 

Proof. By the previous lemma the subspace J[l] C L[ 1] x Hom(i?l£’% iJj’)*)!—1] is an Loo[l] ideal 
and then the projection 

L[l] x Hom(^*,^*)[-l] x Hom^’*, 

is a strict quasi-isomorphism. Since Hom(i?Y*, 1] = Hom(//J*[2], H { ^*)[1] it is sufficient 

to rewrite the induced L^ [1] structure on the quotient via the natural isomorphisms 

M^ H *(X,e x )[ 1], H%*[2]~H*(X,tf x ), H%*~H*(X,O x ) 

and then apply the decalage functor. □ 
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